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The parabol ic  in terpola t ion for  the t r a n s i e n t - s t a t e  approximat ion  is used in analyzing the 
t e m p e r a t u r e  field and the concentra t ion field of a nonvolati le substance  in solution as well 
as  the t e m p e r a t u r e  field and the concentra t ion  field of the solvent  vapor  in the ambient  
a tmosphere ,  when evapora t ion  is accompanied  by a lowering of the liquid level .  

Although the solution of p r o b l e m s  in t r ans ien t  evapora t ion  with a moving in te rphase  boundary has  
been the object  of many  s tudies  [1-9], the nonl inear i ty  of such p rob l ems  st i l l  p r e sen t s  a se r ious  obstacle  
in the way of comple te ly  es tabl ishing the in te r re la t ions  between all quanti t ies involved. 

We will a t tempt  he re  to fill  the gap as much as poss ib le .  Evapora t ion  of a solution under  ce r t a in  
gene ra l ly  reasonab le  a s sumpt ions  can be desc r ibed  by the following s y s t e m  of equations: 
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Here  the x axis  runs  into the liquid and the or igin  of coordinates  has  been fixed so that the evapora t ion  s u r -  
face at the init ial  instant  of t ime coincides with the x = 0 plane.  While functions Tl(x , ~-), T2(x , ~), C(x, ~-), 
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and u(x, ~-) a re  unknown, u s is assumed a known function of two var iab les  T~, C~ and r ep re sen t s  e i ther  
Raoult 's  Law when T~ is fixed or  the C lapey ro n -C lau s iu s  re la t ion when C~ is fixed. Equations (6)-(8) ex-  
p r e s s  the conservat ion  of the total heat content of solvent and solute.  

We assume fu r the r  that the the rmal  conductivi t ies,  the thermal  diffusivit ies,  and the molecu la r  dif- 
fusivi t ies  remain  constant .  

Differentiat ing (6)-(8) with respec t  to time, we obtain 

--D OC[ d~ 
1-g-2 i ,~=~ = q -g-  , (lO) 

D Ou[ d~ (11) 
~-/2tx=~ = ( p - " s )  d--~- 

The unknowns will be sought in the t r ans ien t - s t a te  parabol ic  approximation 

C (x,. ~) C6 + (C~ - -  C8) Ix - -  (~ + 5~)p, ~ .< x ..< ~ + 5.  = 5~ " 
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Here  the four symbols  with the subscr ip t  6 r ep resen t  the values of the sought functions at the respec t ive  
"depths of penet ra t ion .  6 (par t icular  for  each function) [1 ] measu red  f rom the moving in t e rphase  boundary 
}. Both } and 6 are  functions of t ime or  of quantities uniquely related to time, nameiy:  

C (x, ~) = Cs, OCIx- = 0 (in) 

and analogously for  the other  unknowns. 

Inser t ing (12) Into (6)-(8) and then integrating, we obtain 
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Inser t ing (12) into (9)-(11) yields 
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Instead of (1) and (2) we will solve the equations of .hea t  balance" [11 

f or, orqex, 

g g - 

- 8": a ~ - - ~ z  ] '" (21) 

Express ing  the left-hand sides in t e rms  of the derivatives of the integral  with respect  to t ime T, and using 
the approximations (12), we obtain instead of (20) and (21): 

d l n [ ( T , - - T , , ) v l +  (1  + 3 9a, ) d l n ~ =  3dT~, . 
v liv ~ (V~ ~ Tl~ ) ' (22) 

dlnt(T,,_TOw]..t_( I 3 9 .  )dln~--= 3dT,, 
w ~w I (T,~ - -  T 0 ' (23) 

where,  in order  to simplify the notation, we introduce 

8~ e _d= A_.I  ' = . . . . .  . 

and 

(23a) 

8~ (23b) p =  , s =  

In this case Eq. (14) becomes an identity and can be used ei ther  for verif icat ion or as an auxil iary equation. 

It should be noted (and remembered  la ter  on) that T16 and 51 are direct ly  related for each of the un- 
known functions. By vir tue of the l imitation ~ + 53 _ hi, indeed; T16 is equal to T O if ~ + 63 < h i but re-  
mains unknown if ~ + 53 = hi, i.e., if 63 can be expressed in t e rms  of ~. As a consequence, we have four 
charac te r i s t ic  instants of t ime corresponding to the roots of the equations 

('0 + a~ if)  = h 1, 

~(~) + 8a(x) ---- hi, (24) 
r (x)-- 8~ (~) =--h~,  

Relations (15)-(19), (22), (23) are sufficient for  determining ~, T~, C~, and the four (by virtue of the ea r l i e r  
observation) unknowns for the sought functions. In this case the .hea t  balance,  equations for C(x, r) and 
u(x, -r) become identi t ies.  

F rom (15) and (18) we have (remembering the ea r l i e r  observation) 

d~_ ~= 4 D1 (Cr , if g+81-< ~h,, (25) 
d'~ 3 CoC~ 

d--~ - - ~  , if ~ - ~ 5 ~ = h r  (26) 

d (hi - -  ~)~ 

dz 

or, which is equivalent, 

and f rom (16) and (19) we have 

h I 
~-.--6Dt [ 1 -  C~ 

d~___~ ~ = 4__. D~ (G -- %)2 , -~-  ~ --- 62 > --  h,, 
d-~ 3 (p - -  u~)(0 - -  %) 

d (h, + ~)~ 

d~ t \ P - - % /  ~ - - 1  , if ~ - - 8 ~ = - - h ~ .  

(26a) 

(27) 

(28) 

(28a) 

or ,  which is equivalent, 
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The e a r l i e r  obse rva t ion  appl ies  a l so  to Eqs .  (22) and (23). Fo r  ins tance ,  at  "r _< T 0 if0 denoting the s m a l -  
l es t  root  of Eq.  (24) and with 

D 2 (u, "uo)  2 _ D,  (C~ - -  Co) ~ = ~, (29) 
(p-u,)(p-uo) coc~ 

following f r o m  (25) and (27)), we note (since Ti6 = T O and T26 = Too ) that (22) and (23) a r e  sa t i s f ied  together  
with (29) and (17) if v and w a re  constant  and sa t i s fy  the equations 

i.e~ 
mations)  y ie lds  

I ~ 3 9al O, (30) 

1 - -  _~3 _ 9a2 _-- O, (31) 
W ~w ~ 

se lec t ing the roots  which co r re spond  to evapora t ion  (other  roots  co r r e spond  to other  phase  t r a n s f o r -  

v = l + - -~ -  - -  I , (32) 

) w = 1 + 4a~ -~-  + 1 , (33) 

and these  two exp re s s ions  inse r ted  into (17) will add to s y s t e m  (29) that lacking equation 

4~ 

or  the equivalent  

_ _  ) _ _  k 1 4a I _ k~ T hi To ~ kua. ( T . - - T ~ ) ( ( I +  ~---~+ 1 .  , - d : ( T ~ - - T o ) ' ( V " l - t - - - ~ - -  1 ) - - - - 2 ( p L T - - a ~  ~ "---~1 )" (34a) 

fo r  de t e rmin ing  the quanti t ies fi, T~, and C~ found to be constant .  

In this way, we find that at 0 < ~" -< ~'0 the quantit ies 51, 62, 53, and 54 a re  p ropor t iona l  to ~ and thus 
~0 = ~('r0)can be eas i ly  de t e rmined  f r o m  Eqs .  (24). Since function ~ yields  I" readi ly ,  hence ~'0 is d e t e r m i -  
na te .  

It becomes  obvious now that  the solut ion is se l f -ad jo in t  at 0 <7 _< 7 0 arid it ma tches ,  within the p r o p e r  
approximat ion ,  the solution for  an unbounded liquid in an unbounded med ium.  At ~- > ~'0 the solution is a lso  
not an explici t  function of t ime,  which has  to do with the conserva t ion  of total  ene rgy  of the liquid and the 
ambient  medium.  
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N O T A T I O N  

is  the space  coordinate ;  
is the t ime;  
is the coordinate  of the liquid su r face ;  
a r e  the t h e r m a l  diffusivi ty of the liquid and the ambient  medium respec t ive ly ;  
a r e  the t he rm a l  conductivity of the liquid and the ambient  med ium re spec t ive ly ;  
is the m o l e c u l a r  diffusivity of solute  in the solvent;  
is the 
IS the 
is the 
is the 
is the 
is  the 
is  the 
is the 
m the 
is the 
is the 
is the 
is  the 
m the 

mo lecu l a r  diffusivity of solvent  vapor  in the ambient  medium;  
densi ty  of the solvent;  
heat  of evapora t ion  of the solvent;  
initial  t e m p e r a t u r e  of the liquid and the med ium respec t ive ly ;  
initial concent ra t ion  of solute in the solvent;  
init ial  concent ra t ion  of solvent  vapo r  in the ambient  medium;  
init ial  depth of liquid; 
init ial  th ickness  of v a p o r - g a s  l aye r  in the ambient  medium;  
t e m p e r a t u r e  of liquid su r face ;  
concent ra t ion  of solute at  the liquid su r f ace ;  
"pene t ra t ion  depth,  of solute concent ra t ion  in the solvent;  
"pene t ra t ion  depth,  of solvent  vapo r  concent ra t ion  in the ambien t  med ium;  
"pene t ra t ion  depth,  of t e m p e r a t u r e  in the liquid; 
"pene t ra t ion  depth" o f  t e m p e r a t u r e  in the ambient  medium;  
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C6 
u5 
T15 
T26 
us(T ~, C~) = u s 

is the concentration of solute beyond its penetration depth; 
is the concentration of solvent vapor beyond its penetration depth; 
is the temperature in the liquid beyond the penetration depth; 
is the temperature in the ambient medium beyond the penetration depth; 
is the concentration of saturated solvent vapor (known function of T~ and C~, which are 
unknown functions of time or of a quantity uniquely related to it), 
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